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"^Ui ■ Abstract 

1 Introduction 

*\ , Classical electrodynamics, most prominently developed by James Clerk Maxwell, is one of the greatest theories ever 
i c^ since Newton's mechanics. In classical electrodynamics, there are some key points concerned in this paper: 



> 

00 

in 



(1) The existence of electromagnetic waves was predicted theoretically, then confirmed by experiments by Heinrich 
Hertz; 



(2) Electromagnetic fields carry energy and momentum as perfect as ordinary matters. Neither the energy-momentum 
tensor of ordinary matters nor that of electromagnetic fields is conserved. Instead, the conserved energy- 
f***^ \ momentum tensor must be the sum for both that of ordinary matters and that of electromagnetic fields. 

nI ■ (3) There are nontrivial solutions of source-free Maxwell equations, meaning that electromagnetic fields could exist 
independent of charges and currents. 



o 



(4) In this way electromagnetic fields are recognized as an existing form of matters, not just an imaginary or 
mathematical concept. 

• y* 

/^ ■ (5) In vacuum, electromagnetic waves propagate at a universal speed c, having nothing to do with time, space point, 
propagation direction, as well as the state of the emitting source. The speed c is that of light in vacuum. Thus 
James C. Maxwell concluded that light is nothing but a kind of electromagnetic waves, hence dominated by the 
Maxwell equations. 

(6) It also seems that the speed of light, in vacuum, is independent of (inertial) reference frames. 

The validity of point (6) was an open question before 1905. This question, together with the problem of the 
covariance of electrodynamics, finally resulted in the special theory of relativity (SR), and then the general theory of 
relativity (GR). Especially, point (6) is recognized by Albert Einstein as a fundamental postulate of SR, the principle 
of invariant light speed. 

In SR, electrodynamics is well adapted to the relativistic concept of spacetime, with all the above points perfectly 
preserved. 

In GR, most of dynamical equations (except Einstein's field equation and so on) are modified from those in SR. 
For long time it is thought that consequence of relativistic dynamics remains still valid in GR, at least remained in a 
modified form. For examples, points (1) to (4) in the above are thought to be still correct in GR, while points (5) and 
(6) are thought to be valid in a modified form. 
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Speed of light in vacuum. In general relativity, giving solutions of sourceless electromagnetic waves. Physical laws. 

In this paper, we show, by virtue of an example, that it is not the case: basic knowledge obtained from SR 
is not necessarily valid in GR. To be specific, we shall show that there should be no source-free electromagnetic 
fields in the de Sitter background. In SR, the distribution of (electrical/magnetic) charges and currents cannot 
determine the electromagnetic fields. To determine the latter, initial condition and boundary conditions are needed. 
In the de Sitter background, however, initial condition and boundary conditions are not necessary; the distribution of 
(electric/magnetic) charges and currents is enough to determine the electromagnetic field. 

The absence of source-free electromagnetic fields in de Sitter background brings out a serious problem: the exper- 
imental foundation of the curved metric. In GR, the numerical value of light speed might somehow be meaningless. 
But the 4- "velocity" of a photon in vacuum makes sense, which is specified as a lightlikc vector with respect to the 
metric, and vice versa. By means of lightlike vectors of various directions, the spacetime metric can be determined up 
to a conformal factor. This is the experimental foundation of the curved metric in GR. If there is no source-free elec- 
tromagnetic fields, there is no way to obtain lightlike 4- vectors. In this case the curved metric will lose its experimental 
foundation. 

A- J relation. 

In this paper we are not going to discuss such a problem. We mainly focus on whether there is source-free 
electromagnetic fields in the de Sitter background. The fundamental technique to solve this problem is the application 
of theory of Lie groups and Lie algebras. 

This paper is organized as the following. In section [2] we outline the ideas and present some preliminary formulae. 
In section [3] vector fields, as the highest weight vector in the representation of the Lie algebra so(l,4), are obtained. 
Following the standard method, Verma modules of so(l,4), consisting of vector fields, or 1-forms, or 3-forms, respec- 
tively, are obtained. These Verma modules are irreducible so(l,4)-modules. They are described in section |4j In 
section [5] some important properties of 1-forms in the above modules are discussed. These are applicable in construct- 
ing smooth solutions of the Maxwell equations on dS 4 , or smooth solutions of the Proc equation. These solutions are 
described in section [6] and section respectively. In section [8] wc summarize the whole paper, and discussed some 
related problems. 

fi 1 (<iS' 4 ) 00 . Related work. Technique. Embedding not necessary. Organization. 

2 Some Preliminary Formulae 

The coordinate system (x, £, 6, ip) on dS 4 is defined by 

e = lsmh X , (1) 

i; 1 = Z cosh x cos C cos 6* , (2) 

£ 2 = I cosh x cos C sin 9 , (3) 

£ 3 = I cosh x sin C cos ip , (4) 

£ 4 = I cosh x sin C sin <P ■ (5) 

3 Highest Weight Vector Fields 

We first start to find a vector field 

Q cj Q Q 

^ = v °dx + vl Yc +v2 do +v3 ^ (6) 

on the de Sitter spacetime, acting as a highest weight vector in the representation of so (1,4) with the weight A = 
iViAi + N2X-2- The action of so(l,4) on vector fields is realized by Lie derivatives. Then v A satisfies 

Lh ai v\ = [h ai ,VA] =NiV\, ih Q2 v A = [h Q2 ,v A ] = iV 2 v A , (7) 

L eai v\ = [e ai ,v\] = , i ecvi+2a2 v A = [e Ql+ 2Q 2 ,v A ] =0, (8) 

L ea2 v A = [e Q2 , v A ] = , i ecvi+a2 v A = [e Ql+Q2 ,v A ] = 0. (9) 



Eqs. result in 
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The general solution of the above equations is 

v » _ y^ix, C) e~ i{ - Nl + ^ e) ~ l ^ v . 



where V i (x> C) are some functions depending only on x an d C Hence 

va = «-'(*+*>•-«** (V° ( X, C) A + V\ X , C) | + ^ 2 (x, C) | + ^ 3 (X, £) • (10) 

According to eqs. ([T]) to ([3]), the spacetime point returns back to its initial position whenever <p increases by 2-7T. The 
above expression implies that N 2 must be an even integer. Soon we shall see that N 2 could be either zero or 2. 

In fact, we can substitute the above expression into eqs. ©, obtaining eight equations for four unknown functions 
V^iXiQ- Among these equations, there are four PDEs and four linear algebraic equations. All these equations force 
N 2 to be either ±2 or 0. 

For N 2 = 0, these equations are reduced to 

dV° 

+ N 1 V°ta.n( = 0, 



+ {N 1 -2)V 2 tan( = 0, 



OV 2 



together with 

V 1 = -iy 2 sinCcosC, V 3 = 0. 

The general solution of these equations can be easily obtained, resulting in the corresponding vector field va to be 

v NAl = e-*" cos- C(V°^- *V 2 tan C | + V 2 sec 2 C |) , 

where N\ has been denoted simply by N. Substitution of this expression into the first equation in ^ yields 

dV 2 

(7V-2)V 2 tanhx = 0, 

dx 

V° = -iV 2 sinhxeoshx- (11) 

The general solution of the above equations is 

V 2 = C (cosh x)- -2 , V° = -%C sinh X (cosh X ) N ^ , 

where C is the integral constant. We can fix C as iN/l (where I is the cosmological radius of dS 4 ) so that 

N t d tanC d sec 2 ( d\ , 

< V ox cosh 2 x^C cosh 2 96*/ 

which satisfies 

9abV b NXl = l WjVAja • (13) 

Here 

<AlVA 



X = {e- lf> cosh x cos C) W (14) 



»JVAi 



is the highest weight scalar with the weight N\\. For details of this function, we refer to (Tj. Since the function 
is smooth on dS A [I], so is the 1-form d</>jvAi- As a consequence, v^vai is a smooth vector field on dS A . 

It can be verified that the second equation in © is automatically satisfied. 

For the case of N 2 ^ 0, those eight equations forces V° = 0. In order that one of V 1 , V 2 and V 3 is nonzero in 
these equations, N 2 must be ±2. But according to the representation theory, A = N\\\ + A2A2 is a dominant weight, 
so that A^ 2 = 2[j Then those equations, derived from eqs. ©, are reduced to 



dV 1 



TVi V 1 tan C = , 



V 2 = iV 1 ta,n(, 
V 3 = -iV^cotC 



1 When N2 = —2, one can try to solve the equations. Then only a zero 1-form could be obtained. 



Having easily obtained the general solutions of these equations, there is the corresponding 

va = e-^+W^ V(x) (cos C) N (^ + * tan ( A _ i cot <±) 

= 2V( X )(e- ie co S Q N e ai+2a2 (15) 

with the highest weight A = NXi + 2X 2 . In this expression, V is a function depending on \ only. For the expression 
of e ai+2a2 , we refer to pQ. It can be calulated that 



'dV 

\ 

Therefore the first equation in ([9]) requires that 



L eQ2 v A = 2e' im -^^— - 7VVtanh X ) sinC (cosC)" e ai+2a2 



^--NVtanh X = 0, 
dx 

which has the general solution V = C(coshx) N ■ With the integral constant C fixed as l/l, we can obtain a highest 
weight vector field 

2 

va = j&NXi e ttl+2 a 2 , (A = TVAi + 2A 2 ) . (16) 

Now that both (^MXx and e ai+2a2 are smooth on dS 4 pQ, obviously v x is a smooth vector field on dS 4 . 

By virtue of eq. (jl~6|) as well as the relations in [1] , it is obvious that the second equation in ((9j) is automatically 
satisfied. 

4 Verma Modules of Smooth Vector Fields, 1-Forms and/or 3-Forms 

As we have seen in the above, for an irreducible so(l,4) module of smooth vector fields on dS 4 , its highest weight A 
is either 7VAi or NXi + 2A2, with N a non- negative integer. Given such a highest weight A, the corresponding Verma 
module of smooth vector fields on dS 4 will be denoted by X(dS 4 ) x , which is spanned by the following vector fields: 



l j kirn) 

r x 



Li L^ L\ L? v a (17) 



for some non-negative integer j, k, I and m. Here, the notation L\ stands for the action of the Lie derivative Lf a „ 
for j times (provided that j > 0), while L^ stands for the identity map, and so on. In this manner each v £ X(dS 4 )} 
can be written as a linear combination 



J'max fe max i„ 

j=0 k=0 1=0 m=0 



v = EEEE c jklm ^ Um) (is) 



for some constants Cjkim, where the integers j max , fc max , /max and m ma x can be determined by the knowledge of the 
weight diagram. This will be described later. 

Via the Lie derivatives, the Lie algebra so(l,4) also acts on W(dS 4 ) : the infinite dimensional vector space of 
p-forms on dS 4 . Given a dominant weight A = TViAi + N 2 \ 2 , there might be a p-form a x satisfying 

L hai a.\ = Nia\ , L ha2 a x = N 2 a x , (19) 

L Gai a x = 0, L eai+2a2 a x = 0, (20) 

L ea2 a x = 0, L eai+a2 a x = 0. (21) 

Were there such a nonzero p-form a x , there will be a corresponding Verma module Q, p (dS 4 ) x with the highest weight 
A, spanned by the p-forms such like 

a (Jklm) L i L k L l L ra (22) 

hence a p-form ot € £l p (dS 4 ) x can be expressed as 

Jmax fcmax ^max ?™max 

« = EEEE o jklma ^ (23) 

j=Q k=0 1=0 m=0 



for some constants Cjki m - Similarly, the integers j maX j ^maxj Uax and m max can be determined by the knowledge of 
the weight diagram. 

For p = 0, n°{dS 4 ) and fl°{dS 4 )x are identified with C°°(dS 4 ) and C°°(dS 4 ) A) respectively. According to the 
study in [I], possible A for the existence of C co (dS 4 )x could be merely A = TVAi. 

Since the Hodge ^-operator is determined by the orientation and the metric on dS 4 , it is straightforward that the 
Lie derivative with respect to a Killing vector field X is commutative with *: 

* Lx = £x* (24) 

As a consequence, a p-iorm. a.\ satisfying cqs. (fj"9|) to (|21|) generates a (4 — p)-form 

a' x := *a x , (25) 

which also satisfies a set of equations similar to eqs. ([JU|) to (f2"Tj) . Therefore, when the Verma module il p (dS 4 )x exists, 
there is also a Verma module Fl 4 ~ p (dS 4 )x = *fl p (dS 4 )x with the same highest weight A. What's more, these two 
Verma modules arc isomorphic to each other, which can be seen from 



Here aV ' m ' is defined by 



a ,Ukl m) = ^ a Uklm.) (26) 

,0-Wm) ji L k L l L ra , (2?) 

For convenience, the map sending a vector field v to a 1-form v, or v a to v a = g a bV b in the convention of 
abstract indices, is denoted by gi, : X(dS 4 ) —> ^(dS 4 ) in this paper. Then, for each Killing vector field X, there is 
Lxv a = g a b L-xv h for arbitrary vector field v a , namely, 

ixgb = gb^x ■ (28) 

This indicates that gt, is an isomorphism of so(l,4)-modules: with respect to the actions of so(f,4), each property 
of X(dS 4 ) is precisely mapped to ^(dS 4 ). Especially, the Verma module X(dS 4 )\ is mapped by gb to the Verma 
module ^(dS^x- As a consequence, possible highest weights for ^(dS^x are either N\i or NXi + 2A2, with N a 
non-negative integer. Then, by the Hodge ^-operator, these are also the highest weights of tt 3 (dS 4 )x- 

For the highest weight A = TVAi, it is the most convenient to investigate ^(dS^NXi, instead of ^(dS^NXi and 
il 3 (dS 4 )N\ 1 , because the highest weight 1-form 

vjvAj = gbVjvAj = Id^NXt , (29) 

as shown in eq. (fi"3| . Then, due to Lxd = dLx for an arbitrary vector field X, 

Because of £f Q9 ^>7VAi = (see, [1]), there is vj^ A = whenever m > 0. So, nonzero v]^ A is among those with 
m = 0: 

vjgf=ld$5- (30) 

For the expression of ffi^x j we refer to [1] . Thus the Verma module 

^(dS^NX, = d[0°(d5 4 ) WAl ] = d[C°°(^ 4 )Ar Al ] , (31) 

consisting of exact 1-forms only. 

The Verma modules X(dS 4 )iy\ 1 , ^(dS^iVAi an d n 3 (dS' 4 )jv Al are all irreducible so(l,4) ® C-modules. 

For the highest weight A = NXi + 2A2, it is the most convenient to investigate X(dS 4 )x, instead of r2 1 (d5 ,4 ) A and 
£l 3 (dS 4 )x- This module is spanned by vector fields like those in eq. (|17|) . for which v A is as shown in cq. (fi~6|) . Their 



expressions are listed below: 



(jkto) _ 2 Ajkl) 2j ,(j-i,kt) 2fc Aj,k-i,i) ,, ,, n . 2j(j - 1) M (j-2,M) 

ifiVAi b ai+2o 2 , VatAi ^"2 7 fjVAi \ u c«l "•" n a 2 J T . 

2jk (j-i,k-i,i) , _ 2fc (fc - 1) J ,(j, fc -2, 

A — ; '^JVAi K °i+°2 T , VtvAi e «2 ; <^VAi l z lx ai T "a 2 ) , ^JVAi 1q i ; 



~ y^ATAi e «i+2a 2 J~ NXl e "2 Y NXl l n ai + n a 2 J H j ^ATAi 'ai 

_ 2fc (fc - 1) (j,fc-2,l) f ,,,,x 

jVAi i Qi+a 2 7 'rATAi 1 ai+2a 2 > \°^) 

„ , fl j.(jM-i) 2j ^(j-j., 

TVAi e "i+ a 2 "r" 7 ^ATAi e a2 ; rWAi ^"ai T" 11 a 2 7 ■ Vn\ 1 Q i ; "rjVAi Q2 



+ y w^r 1 '^ - i(i - 1) 4t M) ) I**** - A -f &Z*- XA w** ( 33 ) 

(jW2) _ _4 , (jH) _ 4£ ,(jk,e-i) , 41(1- 1) (jfc,i_2) f 4j ,(j-i,fc£) f 

V A — t ^WAi e "i ' / ^ATAi n "i "r i "PiVAi Iq i 1 "P/VAi Iq 2 

+ "T" ^WAi lai+aa j <pjv Al t «l+2a 2 > ^ 4 j 

v O-Mm) =0i (m>2 ). (35) 

5 Properties of 1-Forms in Each Irreducible so(l, 4)-Module 

For a vector field v, the 1-form v a = g a bV b is also denoted by v without abstract indices, in this paper. For a dominant 
weight A = TVAi + 2A 2 , the corresponding highest weight vector field v x , as shown in cq. (flU)) , has 

va = j</>nx x e Ql+2Q2 = -I (cosh x)^ 2 (cos C) Ar e-' 1 ( Ar+1 ) 8 -^[dC + i sin < cos C (d0 - dip)} . (36) 

It is straightforward to obtain that 

dv A = -(N + 2)lcj) 1 Z i e- lf> - lip sinhxcoshx dx A [dC + i sin C cos C (d0 - dtp)} 

-{N + 2)14>^ e - l6 - lip cosh 2 X (i cos 2 ( dC A dd + i sin 2 C dC A dip - sin ( cos C dO A dp) . (37) 

The coordinate system (x, C, $, <f) is not always compatible with the orientation of dS i . That means, the volume 
4-form is not necessarily \/}g\ d\ A d£ A d6 A dip: sometimes it could differ by a negative sign. To obtain the correct 
expression of the volume 4-form e on dS 4 , we notice that on M 1 ' 4 there is the standard volume 5-form e = d£° A d^ 1 A 
••■Ad? 4 . Then, setting 

D = ^< (38) 

the volume 4-form e on dS 4 is just the pull-back of j jd£ to the hypersurface dS 4 in R 1,4 . In terms of the coordinates 

X, Cj & and <P, 

e = ? 4 cosh 3 x sin C cos (dx A d( A d6» A d^ . (39) 



For the Hodge dual, 



* (dx A dQ = - cosh \ sin C cos ( d9 A d<^ , (40) 
*(dxAd6>)= coshxtanCdCAd^, (41) 

* (dxAdp) = -coshxcotCdCAd6», (42) 

*(dCAd6») = -5^-dxAd^, (43) 
coshx 

*(dCAd¥>) =-- ^-dxAdfl, (44) 
coshx 

* (60 A dip) = SecC , CSCC d X A dC . (45) 

coshx 



By virtue of these relations, one has 



(JV + 2j_(iV + 3) . 



,d,dvA = - Vi, "^ J ^^ VA. (46) 



Consequently, 

* d * v A = . (47) 



Since both * and d commute with the Lie derivatives, one has 

* d * dvf £m) = _ (^ + y + 3) .( jfcto) (4g) 

*d*vf^ m) =0, (49) 

for arbitrary nonnegative integers j, k, £ and m. Hence every 1-form v G ^(dS^x, with A = iVAi + 2A2, satisfies 

*d*dv = ^±^±^v, (50) 

*d*v = 0. (51) 

For a dominant weight A = AfAi, the corresponding highest weight vector field ~VN\ t has 

v WAl = d {l</> NXl ) = Nl (ft- 1 d0 Al , (52) 

as indicated in eq. (|T3"|). Then, due to the identities 

- V a v a NXl = * d * v NXl = * d * d(l<f> NXl ) = -5 a6 V Q VbilcpNx, ) (53) 

and the result in Q], there will be 

* d * v WAl = [ — -<t> NXl = -V a v% Xi . (54) 

Note that vat Ai is zero when N = 0. Hence the V a w^ A is nonzero whenever vat Ai is nonzero. It follows that, for each 
v G fl 1 (dS 4: )N\ 1 , there is a smooth function <j> on dS A satisfying 

v = d0, *d*v = -V Q ^ a = - N ^ N + 3 ' <j). (55) 

In fact, such a function <f> could be chosen from the irreducible so(l,4)-module C°°(dS 4: )NX 1 - 

9abV%x 1 +2\2 V N\ 1 +2\ 2 ~ p ^27V Al g a b e° 1+2ce2 e„ 1+2a2 (56) 



6 Smooth Solutions of the Maxwell Equations on dS A 

Now that we have obtained all finite dimensional irreducible so(l,4)-submodules of Cl x (dS ), the space of smooth 
1-forms on dS A , there is the direct sum decomposition 

n 1 {ds i ) = rt 1 (ds% n ®n 1 (ds' i ) 007 (57) 

00 00 

n^dsV := n\ds 4 ) NXl © r! 1 (^ 4 ) WAl+2A2 . (58) 

N=Q N=0 

Here ri 1 (d5' 4 ) 00 is the direct of all infinite dimensional irreducible so(l,4)-submodules of J7 1 (dS' 4 ) or just the zero 
subspacc, depending on the existence of infinite dimensional irreducible so(l,4)-submodules in J7 1 (d5' 4 ). 

It remains an open problem whether J7 1 (d5' 4 ) has an infinite dimensional irreducible so(l, 4)-submodulc. Currently 
we discuss smooth solutions the Maxwell equations with the work assumption that J7 1 (<i5' 4 ) 00 = 0. In other words, 
when we talk about a smooth 1-form (or, equivalently, a smooth vector field), we are referring to one contained in the 
direct sum ft 1 (dS 4 ) e„. 

Thus a 4-potential A = A^ dx 11 can be uniquely decomposed into 

A = ^(Ajv Ai + AAr Al+2A2 ) (59) 

N 

with Ajv Ai G 51 1 ((iS' 4 )jv Al and A^r Al+2A2 G ^ 1 (<iS' 4 )jv Al + 2A2 - If one requires the 4-potcntial A to satisfy the Lorcntz 
gauge condition 

- \7 a A a = * d * A = , (60) 



all Ajvai must be zero. Hence one has a unique decomposition 

A = J2 a nx 1+ 2\ 2 (61) 

N 

subject to the Lorentz gauge condition. 

Given an electric/magnetic 4-current J, the continuity equation 

-V a J a = *d*J = (62) 

implies that there is the unique decomposition 

J = 2^ JjVA 1 +2A 2 j (63) 

N 

where Jjva!+2A 2 G il 1 (dS i ) N \ 1+2 x 2 - 
Now consider the solution 

F (c) = dA (o) (64) 

of the Maxwell equations 

dF^=0, *d*F< e) = J(°) (65) 

c 

in Gaussian units. Having got the unique decompositions 

N N 

the Maxwell equations and eq. ([50]) result in 

tW _ c (N + 2)(N + 3) (c) 

J ArA 1 +2A 2 ~ 4?r ;2 / *A r A 1 +2A 2 ■ \ u ' ) 

As for the Maxwell equations with magnetic 4-currents j( m ' only, one has 

4-7T 

d * F (m) = , * dF (m) = J< m) . (68) 

c 

Comparing them with eqs. (|65j) . the solution is rather simple: 

F (m )=*dA( m ) (69) 

with A^ m ' the similar decomposition as A in cq. (|61j) . provided that the Lorentz gauge condition is also required. 
Then the Maxwell equations require that 

j(m) _ V^ j(m) .( m ) _ \p .(m) ,-„, 

N N 

satisfy 



• (m) _ c (JV + 2)(JV + 3) A(m) 

4tt I 

For the Maxwell equations 



t(«i) _ t- Viv -r ^A- 1 " tuj A (m) . . 

J AfAi+2A 2 — j^ ;2 ^AfAi+2A 2 ■ W -U 



47T ~ Air ~ 

* dF = J m , *d*F = J e (72) 

c c 

with both electric 4-current j( e ) and magnetic 4-current j( m \ we can introduce two potentials A^ and A^ m ^ so that 

F = * dA< m » + dA^ . (73) 

Then the Maxwell equations force the relations (|67p and (fTTj) to be satisfied, provided that the Lorentz gauge condition 
is satisfied by these potentials, respectively. 

So far we have discussed the Maxwell equations by virtue of guage potentials, under the Lorentz gauge condition. 
By virtue of the direct sum decomposition for both 4-potentials and 4-currents, A'°) (or A^" 1 )) and j( c ) (or j( m )) can 
be mutually determined, as shown in eq. (|6"T|) (or cq. (jTTjl ). It is concluded that there will be no source- free smooth 
electromagnetic fields in dS 4 : if there is neither charge nor current, no matter electric or magnetic, eqs. (|67|) and (|71[) 
will force the corresponding electric/magnetic 4-potential to be zero, which results in a zero electromagnetic field, 
according to eq. (|73|) . 



7 The Mass of Proc Equation 

Subject to the Lorentz gauge condition 

V a A^ = , V°A<>) = (74) 

as well as eq. (|73p . the Maxwell equations (ff^j) have the following equivalent form: 

V b V b 4 c > - R a b A { : ] - f ^ , V 6 V 6 4 m) - ^a^i m) = ^4 m) ■ (75) 

The Ricci tensor of dS 4 is i? a ;, = —pg a b- (The negative sign is due to the convention for the metric signature.) 
Substituting this and eqs. (j6"7) . (fTTj) into the above equation, one has 



7bAa A 2 + 5A + 3 

Z 2 



V b V b A^ Ai+2A2 A^ Ai+2A2 = (76) 



for both A]^ A , 2A and A]^ A +2A , for each N Jj 0. This is a Proca equation with an imaginary mass: 

2 A^V + 5) + 3 
m = p . (77) 

Casimir operator. 

8 Conclusions and Discussion 

Applying the theory of Lie groups and Lie algebras, we have obtained all finite dimensional irreducible so(l,4)- 
submodules of ^(dS 4 ), the space of differential 1-forms on dS 4 . All such so(l,4)-submodules are Verma modules 
fi 1 (dS' 4 ) A , with the highest weight A being either NX 1 or NXi + 2A 2 , where N is a nonnegativc integer. 

It remains an open problem whether there exists an infinite dimensional irreducible so(l, 4)-submodule of ^(dS 4 ). 
If there is no such an so(l, 4)-submodule in ^(dS 4 ), every smooth 1-form on dS 4 , A say, can be decomposed uniquely 
into a sum as shown in eq. (|59p . Otherwise an additional term Aoo G fi 1 (iiS' 4 ) 00 is needed on the right hand side of 
eq. (|59|) . 

As so(l,4)-modules, X(dS 4 ) (the space of smooth vector fields on dS 4 ) and H, 3 (dS 4 ) are isomorphic to J7 1 (dS' 4 ). 
Hence the structures of these three spaces are totally similar. 

If J7 1 (dS' 4 ) 00 = 0, the smooth solution of the Maxwell equations can be directly determined by the smooth elec- 
tric/magnetic 4-current(s), without neither initial nor boundary conditions. This is as shown in eqs. (|67p and (|7ip . 
An important consequence is that, on dS 4 , there is no smooth source- free electromagnetic fields. 

Perhaps one would argue that there might be pointed (electric or magnetic) charges so that its electromagnetic 
fields are still source-free off the position of the charges. Such electromagnetic fields, if exist, is no longer smooth 
everywhere in the spacctime; and, more importantly, such electromagnetic fields are not source-free, strictly speaking. 
This problem will be left to discuss in other papers. 

Electrodynamics in the Minkowski background tells us that an electromagnetic wave propagates in vacuum at the 
speed c, carrying together energy-momentum stress tensor. This is how it is accepted that electromagnetic field is also 
a physical existence, which does not depend on the existence of other matter. Now we have shown that in the de Sitter 
background it is not the case: the nonexistence of source-free electromagnetic fields means that electromagnetic fields 
cannot exist independently. 

Always companioned by source currents, electromagnetic fields cannot propagate in vacuum in the de Sitter back- 
ground. Our knowledge of electromagnetism in the Minkowski background raises a question: does the propagation of 
electromagnetic wave (light) in dS 4 still satisfies the principle of invariant light speed? This is an important question, 
concerning with the foundation of measurement of the spacetime metric. 

Before answering this question, involved concepts must be interpreted. All these and the question itself will be left 
as a subject in other papers. Here we only present some negative evidence. 

The first evidence is that electromagnetic waves often propagate at a lower speed than c in a medium, according 
to electrodynamics in the Minkowski background. Now that electromagnetic fields cannot exist in vacuum (in the 
classical sense), it could be strongly suspected that the propagation speed of electromagnetic fields in dS 4 cannot be 
the "light speed in vacuum" . 

The second evidence is the potential-current relationship, namely, eqs. (|67p and (|7ip : if the electromagnetic wave 
described by A^ or A^" 1 ) "propagates at the light speed in vacuum", then so does the source described by J( c ) or 
j( m ). However, our knowledge of the special relativity and quantum field theory tells us that charged particles should 



not propagate like photons. Although this is based on the Minkowski background, cannot we raise a question if it is 
violated in the de Sitter background? 

The third evidence is that the 4-potential Ajvai+2A 2 £ ^ 1 (dS i )pf\ 1+ 2\ 2 i no matter electric or magnetic, satisfies 
the Proca equation with a mass such that m 2 < 0. Our knowledge based on the Minkowski background reminds us 
that An\ 1+ 2\ 2 cannot propagate "at the light speed in vacuum". 

So far we just present a rough description of our questions, raising by the electromagnetism in the de Sitter 
background. As have stated, to answer these questions, we should first interpret the precise meaning of these questions. 
Both the meaning and the answer of these questions concerns seriously with the foundation of physics, especially the 
foundation of the measurement of spacetimc metric in general relativity. Foundation of quantum field theory in curved 
spacctimes is also concerned with. All these questions will be investigated in further paper. 

The conclusions for electromagnetic fields arc heavily based on the 4-potentials A^ e ^ and A^ m ^. In fact, we can 
discuss the Maxwell equations without referring to 4-potentials, while the conclusion remains still correct. This will 
be demonstrated in forthcoming papers. 

Background vs Einstein's field equation. 

Acknowledgement 

A Finite Dimensional Irreducible so(l, 4)-Modules of Smooth Vector Fields 
on dS A 

B Connection 1-Forms and Curvature 2-Forms 

With respect to the coframc 

0° = ld X , 9 1 = /coshxdC, (78) 



6 Z = 1 cosh x cos C d0 , 6 6 = I cosh x sin C dip , (79) 



the connection 1-forms are 



«8 = 


= 0, 


«s 


= — tanh x 9 7 


^ = ytanh X 6/ 2 , 


ul- 


1 o 

= — tanh x , 


(80) 


w o = 


= — tanhx© 1 , 


U \ 


= 0, 


,.i tan C Q 2 
/ cosh x 


U)\ = 


COtC q3 

I cosh x 


(81) 


u 2 = 


1 2 
= — tanh x 9 , 


2 


tanC 2 
I cosh x 


uj=Q, 


"3 = 


= 0, 


(82) 


^0 = 

fatur 


1 q 

= - tanh x , 
e 2-forms «£, 


<4 


cotC e 3 
I cosh x 


^2=0, 

(when li ^ v) ; 
= 0. 


wi = 


= 0. 


(83) 

(84) 
(85) 



C Self-Dual 2-Forms 

Define some local 2-forms 

S± :=dxAdC±icoshxsinCcosCd0Ad</J, C^ = 0° A0 1 ±i0 2 AO 3 = I 2 coshxS^, (86) 

S| :=dxAd6>=FicoshxtanCdCAdy>, C| = 0° A 2 ± i0 3 A 1 = Z 2 coshxcosC S| , (87) 

S 3 ± :=dxAd^±icoshxcotCdCAdt9, C 3 ± = 0° A 8 3 ± iO 1 A 2 = I 2 cosh x sin C S| . (88) 

They satisfy 

* S J ± = ±i S j ± , *C J ± = ±t C J ± , (j = 1, 2, 3) (89) 
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and 



£e Q1 S^ = ^ e ^(S 2 ± -Si), (90) 

L eai S 2 ± = -^e i *'- w (sec 2 (S 1 ± -it&n(S 2 ± +it&n(S 3 ± ), (91) 

L e ai S± = ^e^- je (csc 2 CS^+icotCS|-icotCS^), (92) 



2 
2' 



ie Q1+2Q2 S^ = -i e - i0 -^(Si + S|), (93) 



ie Q1+2ct2 S 2 ± = ie- i0 -^(sec 2 C Si - itanC S 2 ± - ztanC S 3 ± ) , (94) 

ie„ 1+2 „ 2 S 3 ± = i e - i0 -^(csc 2 C S^ + t cot C S 2 ± + i cot C S 3 ± ) , (95) 

Le Q2 S± = -e^^tanhxsinCSiTe^^-^-Sl-ie-^tanhxcosCS^, (96) 

r, S 2 i - + SCC< " r-'^S 1 Ti Sm< ' r~' y S 3 fQ7^| 

^ e - ± cosh x b±T *cosh x e b± ' (97j 

cos l oof C 

L e Sl=ie- lv t&nhxcsc(cot(Sl±ie- lip -S+ - e -1 *' tanh ycscC Si , (98) 

" 2 coshx 

L e Q1+Q2 s ± = e~ ie tanh x cos C S^ - ie" ie tanh x sin C S| T -^-e _ie S| , (99) 

ie^+^S 2 , = ie~ l6 tanh x sec C tan C S x ± + e~ tg tanh x sec C S| T »e~' 9 Sm ^ ^ £ S| , (100) 



3 3 = ±e - i9 _racC_ gl ±ie -i8_^_C 

cosh x cosh x 



^e^+^S^ = ^e^"—^ S 1 ± ±ie- w —^ r S 6 ± . (101) 

It follows that 

£e Q1 Ci = V^VcCC 2 ± -cscCC 3 ± ), L eai+2a C l ± = -^e- ie -^(secCC 2 ± +cscCC 3 ± ), (102) 



^e^-^(secCC 2 ± -cscCC 3 ± ), L eai+2a2 C\ = -i, 

ie Q1 C 2 ± = -i e ^- i0 (sec C C^ + » C 3 ± ) , L eai+2a2 C| = V^(sec C C£ - t C^) , (103) 






£ etn C| = ^e^- l9 (csc C C^ + * C|) , L eai+2a2 C 3 ± = V*<^(csc C C^ + i C 2 ± ) , (104) 



L e Ci = T Ci -ie~ ltp tanh v cot C Ci , L e , Ci = -ie" 4 " tanh y tan C Ci T Ci , (105) 

° 2 coshx « 1+ o 2 coshx 

i eQ2 C 2 ± = ±^-C^T* "°^ C 3 ± , Le„ 1+< , 3 C| = ze-^tanhxtanC C^ T i - ' ^ C 3 ± , (106) 

2 coshx coshx coshx 

L e C 3 = ie~ iv tanh x cot C Ci dh i ^ mS C C 2 , L e . C 3 = ±^^C 1 ± ± i ^" "^ Ci . (107) 

° 2 ± a s ± C oshx 1+ ° 2 coshx coshx 
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